A graph is said to be well-dominated if all its minimal dominating sets are of the same size. The class of well-dominated graphs forms a subclass of the well studied class of well-covered graphs. We introduce the notion of an irreducible dominating set, a variant of dominating set generalizing both minimal dominating sets and minimal total dominating sets. Using this notion we first characterize the minimal dominating sets in a nontrivial lexicographic product of two graphs and then build on this characterization to characterize when a nontrivial lexicographic product of two graphs is well-dominated. As a side result motivated by this study, we characterize the well-dominated graphs with domination number two and observe that well-dominated graphs can be recognized in polynomial time in any class of graphs with domination number bounded by a constant.
Introduction
Variants of domination play an important role in graph theory. They give rise to theoretically interesting (and often difficult) problems and are widely applicable to model various real-life scenarios [13, 14] . The main subject of the present work is the study of domination in lexicographic product graphs. The works in the literature about domination in various product graphs have been mostly centered around the Cartesian product, where the focus has largely been on Vizing's conjecture [4] . For the lexicographic product graphs, various types of domination were investigated in the literature, including domination [17, 20] , total domination [24] , rainbow domination [21] , Roman domination [20] , and restrained domination [24] . In particular, the works of Zhang et al. [24] and ofŠumenjak et al. [20] imply that the value of the domination number of a nontrivial lexicographic product of two graphs can be exactly determined as a function of the domination and total domination numbers of its factors (see Theorem 2.1 for the exact formula). In this paper, we expand on these results by studying the (inclusion-)minimal dominating sets and related notions in lexicographic product graphs.
In particular, one of the central notions for our study is that of well-dominated graphs. These are defined as graphs in which all minimal dominating sets have the same size. Well-dominated graphs form a subclass of the more widely studied class of well-covered graphs, defined as graphs in which all maximal independent sets are of the same size [12, 18] . Well-dominated graphs were introduced in 1988 by Finbow et al. [6] , who characterized well-dominated graphs of girth at least 5 as well as well-dominated bipartite graphs, and showed that within graphs of girth at least 6, well-dominated graphs coincide with the well-covered ones. Only little work has been done on the subject since then. In particular, the complexity of determining whether a given graph is well-dominated is not known. Characterizations of well-dominated graphs within particular graph families were obtained, namely within the families of block graphs and unicyclic graphs (in 1990 by Topp and Volkmann [22] ), 4-connected 4-regular claw-free graphs (in 2011 by Gionet et al. [9] ), graphs without cycles of lengths 4 and 5 (in 2014 by Levit and Tankus [16] ), and planar triangulations (in 2015 by Finbow and van Bommel [7] ). In 2003, Zverovich and Zverovich [25] characterized locally well-dominated graphs and locally independent well-dominated graphs and gave a sufficient condition for a graph to be k-locally independent well-dominated.
In this paper, we introduce the notion of an irreducible dominating set, a variant of the notion of a dominating set that forms a common generalization of both minimal dominating sets and minimal total dominating sets (this is done in Section 3). Irreducible dominating sets are important for the characterization of minimal dominating sets in a nontrivial lexicographic product of two graphs, which we develop in Section 4 (Theorem 4.3). Building on this characterization, we derive our main result: a characterization of the well-dominated nontrivial lexicographic product graphs (Theorem 5.1). This characterization motivates the study of well-dominated graphs with domination number two, which we characterize in Theorem 6.2. On a related note, we observe that well-dominated graphs can be recognized in polynomial time in any class of graphs with domination number bounded by a constant (Proposition 6.6). We conclude the paper with some open questions.
Preliminaries
All graphs in this paper will be finite, simple, and undirected. An independent set in a graph is a set of pairwise non-adjacent vertices. An independent set is said to be maximal if it is not contained in any larger independent set. The maximum size of an independent set in a graph G is called the independence number of G and denoted by α(G). For u ∈ V (G), we denote by N G (u) the set of all neighbors of u in G, and by
In all these notations, we may omit the index whenever the graph is clear from the context. We denote the complement of a graph G by G and a cycle on n vertices by C n . We denote by 2K 1 the edgeless graph with exactly two vertices.
A
The minimum size of a dominating set of a graph G is called the domination number of G and denoted by γ(G). A minimum dominating set in G is a dominating set of size
, that is, if every vertex of G has a neighbor in D. (Note that total dominating sets exist only in graphs without isolated vertices.) The total domination number of G, denoted by γ t (G), is the minimum size of a total dominating set. A dominating set (resp., a total dominating set) D in G is said to be minimal if it is minimal with respect to inclusion, that is, D is a dominating set (resp., a total dominating set) that does not contain any smaller dominating set (resp., total dominating set) in G. The maximum size of a minimal dominating set of a graph G is called the upper domination number of G and denoted by Γ(G). A graph G is said to be well-covered if all its maximal independent sets are of the same size, and well-dominated if all of its minimal dominating sets are of the same size, that is, if γ(G) = Γ(G).
Let S be a set of vertices in a graph G. For x ∈ V (G), we say that x is dominated by S (or that S dominates x) if N [x] ∩ S = ∅. Moreover, we say that x is totally dominated by S (or that S totally dominates x) if N (x) ∩ S = ∅, and we say that x is barely dominated by S if x is dominated by S and x is not totally dominated by S (or, equivalently, if N [x] ∩ S = {x}, that is, if x is an isolated vertex in the subgraph of G induced by S). For two sets of vertices S and S ′ in G, we say that S totally dominates S ′ if every vertex in S ′ is totally dominated by S. In particular, a set S ⊆ V (G) is a total dominating set in G if and only if S totally dominates V (G). For graph theoretic terms not defined here, see, e.g., West [23] .
Domination number of lexicographic product graphs
The lexicographic product of two graphs G and H is the graph G[H] (sometimes denoted also by G • H) with vertex set V (G) × V (H), where two vertices (x 1 , y 1 ) and (x 2 , y 2 ) are adjacent if and only if either x 1 x 2 ∈ E(G) or x 1 = x 2 and y 1 y 2 ∈ E(H). The lexicographic product of two graphs is said to be nontrivial if both factors have at least two vertices. The projection of a given subset
For further background on the lexicographic product of graphs, see, e.g., [10] . Several papers in the literature studied the value of the domination number of a nontrivial lexicographic product of two graphs and determined the exact value in special cases, altogether giving the complete answer. Clearly, if v is an isolated vertex in G, then G[H] is isomorphic to the disjoint union of graphs H and (
. It therefore suffices to consider the case when G has no isolated vertices. In 2011, Zhang et al. [24] [20, Lemma 3.3] . By analyzing the proof of this result, it can be seen that the same equality holds whenever G has no isolated vertices and γ(H) ≥ 2. Therefore, the value of the domination number of the nontrivial lexicographic product of two graphs G and H such that G is without isolated vertices is completely determined, as follows.
Theorem 2.1 (combining results from Zhang et al. [24] andŠumenjak et al. [20] ). If G is a graph without isolated vertices and H is any graph, then
It is worth mentioning that these works were preceded by the observation that for every graph G without isolated vertices, we have γ(G[2K 1 ]) = γ t (G). This relation was noted by Kratsch and Stewart in 1997, who used it to reduce the total dominating set problem to the dominating set problem [15] . (The proof of equality γ(G[2K 1 ]) = γ t (G) is implicit in the proof of [15, Lemma 2] .)
Let us also remark that Theorem 6 from [19] regarding the value of the domination number of the lexicographic product of two graphs where the base graph is complete is not true. The theorem states that for every connected graph H, we have γ(K n [H]) = γ(H). Theorem 2.1 contradicts this. Namely, if H is a graph with γ(H) ≥ 2 and n ≥ 2, then by Theorem 2.1, we have γ(K n [H]) = γ t (K n ) = 2. Hence, for every connected graph H with γ(H) ≥ 3 and every n ≥ 2 the equality [19, Theorem 6 ] is false.
Reducible and irreducible dominating sets
An important notion for our characterization of minimal dominating sets of the lexicographic product graphs is the notion of irreducible dominating sets, which we now introduce. A dominating set D is said to be reducible if there exists a vertex u ∈ D such that D \ {u} is also a dominating set of G and the sets of vertices that are totally dominated by D and D \ {u} coincide (that is,
Observe that D is reducible if and only if for some u ∈ D, the set D \ {u} totally dominates N [u]. A dominating set is irreducible if it is not reducible.
To illustrate these notions, we now list some easily verifiable facts and examples:
• Every minimal dominating set is irreducible. Consequently, every dominating set contains an irreducible dominating set.
• Every minimal total dominating set is irreducible.
• Suppose that D is a dominating set inducing a subgraph of maximum degree at most one (that is, every vertex in D has at most one neighbor in D). Then, D is irreducible.
• Consider a complete graph K n on n vertices with n ≥ 3. The only irreducible dominating sets in K n are those of size 1 or 2, that is, minimal dominating sets and minimal total dominating sets.
The next proposition compares a well-known characterization of minimal dominating sets with a characterization of irreducible dominating sets (which follows directly from the definitions). In order to state the proposition, we need to introduce some more terminology. Given a set D ⊆ V (G), a vertex u ∈ D and a vertex v ∈ V (G), we say that v is a D-private closed neighbor of u if 
Minimal dominating sets in lexicographic product graphs
In this section we investigate the structure of dominating sets and of minimal dominating sets in the lexicographic product of two graphs.
Dominating sets
The following lemma characterizes when a vertex in the lexicographic product graph is dominated by a given set.
, and a set D ⊆ V (G) × V (H), the following conditions are equivalent:
Proof. The definition of the lexicographic product implies that the closed neighborhood of a vertex
, while the latter one is equivalent to the condition that
The following proposition characterizes the dominating sets in the lexicographic product of two graphs. Recall that given a set S ⊆ V (G), a vertex x ∈ V (G) is said to be barely dominated by S if N [x] ∩ S = {x} (that is, if x is an isolated vertex in the subgraph of G induced by S).
Proposition 4.2. For any two graphs
Since this holds for an arbitrary vertex of G, we infer that
is dominated by D, Lemma 4.1 implies that p H,g (D) dominates h in H. Since this holds for an arbitrary vertex h of H, we infer that p H,g (D) is a dominating set in H, as claimed.
Conversely, suppose that p G (D) is a dominating set in G such that for every vertex g ∈ V (G) that is barely dominated by p G (D), the set p H,g (D) is a dominating set in H. Consider an arbitrary
dominates h in H, and we again conclude that D dominates (g, h) using Lemma 4.1.
Minimal dominating sets
We now develop a characterization of minimal dominating sets in the lexicographic product G[H]. In order to state it, we need some additional terminology. Let D be an irreducible dominating set in a graph G. 
. We show each of the three conditions one by one. 
(
is non-empty. We claim that it has size 1. Suppose to the contrary that 
Next suppose that g is totally dominated by p G (D). Since (g, h) ∈ D and g is totally dominated by D, condition (ii) implies that there exists a vertex
is an irreducible dominating set in G;
(ii) for every vertex x ∈ p G (D),
It might be worth pointing out that in general, conditions (i) and (ii) alone do not imply condition (iii). This is shown by the following example. For later use, we establish in the following proposition a lower bound on the upper domination number Γ of the lexicographic product of two graphs.
Proposition 4.6. For every two graphs G and H, it holds that Γ(G[H]) ≥ α(G)Γ(H).
Proof. Let S be a maximum independent set in G, let A be a minimal dominating set in 
Well-dominated lexicographic product graphs
In this section we characterize well-dominated nontrivial lexicographic product graphs. Recall that a graph is well-dominated if all of its minimal dominating sets are of the same size. By [10, Corollary 5.14], a lexicographic product graph G[H] is connected if and only if G is connected. In particular,  if G has components G 1 , . . . , G k , then the components of G[H] are G 1 [H], . . . , G k [H] . It is not difficult to see that a graph is well-dominated if and only if all of its components are well-dominated. Therefore, when characterizing nontrivial lexicographic product graphs that are well-dominated, we may without loss of generality restrict our attention to the case of nontrivial products G[H] such that G is connected. The following theorem states the corresponding characterization. We consider three cases depending on the value of γ(H). Suppose first that γ(H) = 1. Since H is well-dominated, all minimal dominating sets in H are of size 1; hence, H is a complete graph. We claim that G is well-dominated (and thus condition (i) will hold). Let Suppose now that γ(H) = 2. We claim that in this case G is complete (and thus condition (ii) will hold). Suppose, to the contrary, that G is not complete. Then, since G is connected, it contains a pair of vertices, say x and y, at distance two. Let u be a common neighbor of x and z. Let S be a maximal independent set in G containing x and y and let A be a minimum dominating set in H. Then S is a minimal dominating set in G such that all its vertices are barely dominated by S. Thus, we can apply Theorem 4.4 to infer that S × A is a minimal dominating set in G[H]; its size is 2|S|. Clearly, the set S ∪ {u} is a dominating set in G. Now, let S ′ be an inclusion-minimal subset of S ∪ {u} such that
Since u is the only neighbor of x in S ∪ {u}, we infer that u ∈ S ′ . Moreover, since u ∈ N (S ∪ {u}), we have u ∈ N (S ′ ). It follows that S ′ ∩ N [u] contains u and at least one neighbor of u. Take any vertex h ∈ V (H) and consider the set D defined with Finally, suppose that γ(H) ≥ 3. Since γ t (G) ≤ 2γ(G) (see, e.g., [2] ) and γ(G) ≤ α(G), we have a contradiction with γ t (G) ≤ 2α(G) . We conclude that G[H] is not well-dominated whenever γ(H) ≥ 3.
(⇐) First, suppose that G is a connected well-dominated graph and H is complete. Let D be a minimal dominating set in G 6 Well-dominated graphs with small domination number Theorem 5.1 motivates the following question: What are the well-dominated graphs with domination number two? We address this question by giving a characterization of such graphs. We first recall some basic terminology. A clique in a graph is a set of pairwise adjacent vertices. A clique is maximal if it is not contained in any larger clique. A triangle in a graph G is a clique of size three. A graph is said to be triangle-free if it has no triangles. The graph isomorphism relation is denoted by ∼ =.
Since every maximal independent set in a graph is a minimal dominating set, a well-dominated graph with γ(G) = 2 is also well-covered with α(G) = 2. The following simple lemma characterizes well-covered graphs with α(G) = 2. (i) G is a triangle-free graph without isolated vertices.
(ii) For every two triangles T and
Proof. (⇒) Let G be a well-dominated graph with γ(G) = 2. Condition (i) follows from Lemma 6.1. Now, consider a pair of triangles T and Note that for every t ∈ T , if its D-private closed neighbor t ′ is in T , then t ′ = t. Next, observe that T is a triangle in G since if vertices a and b were non-adjacent (say), then {a, b, c ′ } would be an independent set of size 3 in G, contradicting α(G) = 2. The fact that T is a triangle and the definition of T ′ imply that D∩T ′ = ∅; in particular, T ∩T ′ = ∅. A similar argument as the one applied earlier to T shows that T ′ is a triangle. Therefore,
a ′ , such that a ′ is adjacent to v. However, this is impossible since a ′ is a D-private closed neighbor of a, cannot be adjacent to v ∈ D \ {a}. This completes the proof.
The computational complexity status of the problem of recognizing well-dominated graphs seems to be not known. Since conditions (i) and (ii) in Theorem 6.2 are polynomially testable, Theorem 6.2 implies the following partial result. More generally, we now argue that for every fixed k, the problem of recognizing well-dominated graphs can be solved in polynomial time in the class of graphs {G : γ(G) = k}. We first recall some terminology related to hypergraphs [1] . A hypergraph H is a pair (V, E) where V = V (H) is a finite set of vertices and E = E(H) is a set of subsets of V , called hyperedges. A vertex set X ⊆ V is called a transversal of H if X intersects every hyperedge of H, and it is called a minimal transversal if it is a transversal that does not properly contain any other transversal. Let H * denote the hypergraph with vertex set V (H) having as hyperedges exactly the minimal transversals of H. A hypergraph is said to be Sperner (or: a clutter ) if no hyperedge of H contains another hyperedge.
The Hypergraph Transversal problem is the decision problem that takes as input two Sperner hypergraphs H and H ′ and asks whether H ′ = H * . This is a well studied problem whose computational complexity status is a notorious open problem. As shown by Fredman and Khachiayan [8] , the problem admits a quasi-polynomial time solution (an algorithm running in time n o(log n) where n is the total input size). Moreover, several special cases have been shown to be solvable in polynomial time. For our purpose, polynomial time solvability of the following special case will be useful, shown by Eiter and Gottlob [5] and by Boros et al. [3] (in the equivalent context of dualization of monotone Boolean functions): Proof. We proceed as follows: first, we generate all O(|V (H)| k ) subsets of size k of V (H) and test for each of them whether it is a minimal transversal of H; this way, we obtain a hypergraph H ′ . The problem now becomes that of testing whether H ′ = H * . Since all hyperedges of H ′ are of size k, Theorem 6.4 implies that the problem is indeed polynomially solvable.
The announced result about the recognition of well-dominated graphs with small domination number can now be derived from Corollary 6.5. Proposition 6.6. For every positive integer k, the problem of recognizing well-dominated graphs can be solved in polynomial time in the class of graphs G with γ(G) = k.
Proof. Let G = (V, E) be a graph with γ(G) = k. Consider the hypergraph H G = (V, E), where E contains the inclusion-minimal elements of {N [v] : v ∈ V }. Observe that H G is Sperner and that the minimal transversals of H G are exactly the minimal dominating sets of G. It follows that G is well-dominated if and only if all minimal transversals of H G are of size k. By Corollary 6.5, this condition can be tested in polynomial time.
Concluding remarks
We introduced in this paper the notion of an irreducible dominating set, a variant of dominating set generalizing both minimal dominating and minimal total dominating sets. The main application of this notion was a characterization of the minimal dominating sets in nontrivial lexicographic product graphs, which led to a complete characterization of nontrivial lexicographic product graphs that are well-dominated.
We believe that the notions studied in this paper deserve to be investigated further. In particular, we feel it would be interesting to develop a better understanding of the structure of irreducible dominating sets in general graphs, which might lead to further applications of this notion. More specifically, since every minimal dominating set as well as every minimal total dominating set in a graph G is an irreducible dominating set, the following problem naturally arises: Problem 7.1. Characterize the graphs G such that every irreducible dominating set in G is either a minimal dominating set or a minimal total dominating set.
Furthermore, does a similar approach as the one used in this paper lead to characterizations of minimal "dominating" sets in lexicographic product graphs with respect to other types of domination? In particular, a characterization of minimal total dominating sets in the nontrivial lexicographic product graphs might lead to a characterization of lexicographic product graphs that are well-totally-dominated, where a graph without isolated vertices is said to be well-totally-dominated if all its minimal total dominating sets are of the same size [11] .
Problem 7.2. Characterize the nontrivial lexicographic product graphs that are well-totallydominated.
Finally, we remind the reader that, even though we identified a polynomially solvable case in Section 6, the computational complexity of recognizing well-dominated graphs is in general still open.
